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ABSTRACT: It is generally known that the holomorphic anomaly equations in topological
string theory reflect the quantum mechanical nature of the topological string partition
function. We present two new results which make this assertion more precise: (i) we
give a new, purely holomorphic version of the holomorphic anomaly equations, clarifying
their relation to the heat equation satisfied by the Jacobi theta series; (ii) in cases where
the moduli space is a Hermitian symmetric tube domain G/K, we show that the general
solution of the anomaly equations is a matrix element (¥|g|€2) of the Schrodinger-Weil rep-
resentation of a Heisenberg extension of GG, between an arbitrary state (¥| and a particular
vacuum state |2). Based on these results, we speculate on the existence of a one-parameter
generalization of the usual topological amplitude, which in symmetric cases transforms in
the smallest unitary representation of the duality group G’ in three dimensions, and on
its relations to hypermultiplet couplings, nonabelian Donaldson-Thomas theory and black
hole degeneracies.
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1. Introduction
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On top of its rich mathematical structure, topological string theory offers the most practical

way of computing certain higher-derivative corrections to the low energy effective action

in A = 2 compactifications of physical string theory. It has played a central role in recent

studies of subleading corrections to the Bekenstein-Hawking entropy of BPS black holes [[] -

BJ. A particularly striking development is a direct relation between the degeneracies of black

hole micro-states and the topological string partition function, conjectured by Ooguri-

Strominger-Vafa (OSV) [H].



The topological string partition function satisfies “holomorphic anomaly” equations
derived by Bershadsky-Cecotti-Ooguri-Vafa (BCOV) [H, fi], which describe its dependence
on a “background” point of moduli space. These equations are best understood by viewing
the topological string partition function as the wave function of a background-independent
state in a certain Hilbert space, expressed in a background-dependent basis of coherent
states [[f]. In particular, as emphasized in [, for the application to the OSV conjecture one
should choose a basis of coherent states corresponding to a “real polarization” of the wave
function. The purpose of the present work is to tighten the wave function interpretation of
the holomorphic anomaly equations, by recasting these equations in a purely holomorphic
way, and representing their solution as a matrix element in an appropriate representation
of the continuous global symmetry group of the moduli space, when such a symmetry
exists.

To motivate our approach, recall that the wave function interpretation of the holomor-
phic anomaly equations was originally suggested [ by analogy with the heat equations

[ 0 0?

ia — 8—y2] 0(t,y) =0, (1.1)

% o(t,y) = 0, (1.2)

obeyed by the classical Jacobi theta series 0(t,y). However, the anomaly equations as
written in [ff] are not quite identical to ([L.I), ([.2). In particular, the topological string
partition function Wpcovy is neither purely holomorphic nor purely antiholomorphic. So
the precise analogy between ¥pcov and 6(t, z) has remained slightly obscure.

In section ] of this paper, we draw a precise analogy between the topological string

partition function ¥pcoy (or rather, its variant Wy (t,t,2) as defined in [§]), and the
complex conjugate of the “canonical” Jacobi theta function O(¢,t, ),

Uy (t,t,2) ~ O(t, t, T), (1.3)
where O(t,t,Z) is a non-holomorphic modular function which differs from the classical

holomorphic 6(t,y) by a simple transformation,

Imt
y = (Im?)z. (1.5)

O(t,t,z) = VImt exp (y—2> 0(t,y), (1.4)

Namely, by transformations of U3, similar to ([L.4), (L), described in section P.G, we pro-
duce a modified partition function Wy, which is purely holomorphic and obeys a heat
equation (P-69) closely analogous to ([[.). These transformations, valid in complete gener-
ality, provide a more concrete footing for the widely accepted idea that the anomaly equa-
tions of the topological string partition function should be analogous to the heat equation
of a theta function. Along the way we also clarify a few details which have not appeared
explicitly in the literature, in particular the relation between the one-loop holomorphic
anomaly and the metaplectic correction to geometric quantization.



Importantly, our transformation from W5, to Wy, introduces a dependence on a choice
of symplectic basis, which is not invariant under large biholomorphisms of the Calabi-
Yau threefold; consequently, the transformation of the holomorphic partition function Wy,
under large biholomorphisms is more complicated than that of the original Wy, as we discuss
in section R.§. This parallels the fact that the holomorphic (¢, z) has a more complicated
transformation under SL(2,Z) than does the non-holomorphic exp (%) 0(t, z).

In section [, we specialize the discussion to cases where the moduli space is a symmetric
special Ké&hler manifold G/K. While such cases are very special (in particular they require
the absence of genus 0 worldsheet instanton corrections), they allow us to develop a second
aspect of the analogy between W and 6(t, z), representing the topological amplitude as a
matrix element in a unitary representation of an extension of G. To appreciate this point,
recall the standard interpretation of (¢, z) in representation theory [H, [[J]: One considers
the semi-direct product G = SL(2,R) x H, where H is the three-dimensional Heisenberg
algebra [q,p] = Z, and G = SL(2,R) acts on H/Z in the fundamental representation. Both
G and H act naturally on the Hilbert space obtained by quantizing R?, which we call the
“Schrodinger-Weil representation” of G. Then 0(t,z) may be written as a matrix element
in this representation,

0(t,y) = (U]e?Pe!T|Q), (1.6)

where T is the positive root generator (8 (1)) of sl(2,R), |Q) is a state annihilated by g,
and (¥| is a state invariant under a subgroup of SL(2,Z). In this interpretation the
heat equation ([.]) becomes a consequence of an operator identity in the Schrédinger-Weil
representation,

ZT —p* =0, (1.7)

if we choose the central generator to act as Z = i. Note that the heat equation would hold
no matter which state |¥) we choose; the most general solution is obtained by choosing an
arbitrary |U).

We show that a similar story holds for the topological string partition function, as one
would expect from its wave function interpretation: there is a 1-1 correspondence between
states |¥) in the Schrodinger-Weil representation of an appropriate group G=GxH and
solutions to the anomaly equation (P.69). Given |¥), the corresponding solution can be
written as a matrix element similar to ([.f]), given in (B.23). From this point of view, the
holomorphic anomaly equations are consequences of identities (B.20) in the Schrodinger-
Weil representation, analogous to ([.7) (but slightly more complicated.)

In section B.§ we discuss a third aspect of the analogy between ¥ and 6, which may
be motivated as follows. Equation ([.7) can be obtained by noting that the non-reductive
group SL(2,R) x H is naturally obtained as a subgroup of the more familiar Sp(4,R),
and the Schrodinger-Weil representation of SL(2,R) x H is contained in the metaplectic
(Weil) representation of Sp(4,R). From this point of view, ([.7) is just one of a large class
of quadratic operator equations which hold in the Weil representation of Sp(4,R). We
note that a very similar situation obtains for the topological string: the identities (B.2(Q)
involving generators of G come directly from relations in the “minimal representation” of a



larger and more familiar group G’. We also briefly discuss the automorphic version of this
relation, which in the Sp(4,R) case gives rise to the notion of Fourier-Jacobi coefficients.

We emphasize that none of our rigorous results bear directly on the problem of com-
puting the topological string partition function; they are, rather, a clarification of what
kind of object the partition function is. However, they do tie in naturally to some other
directions of inquiry which were really the original motivation, and which we discuss in
section fi.

In particular, we note that the group G’ mentioned above arises physically as the
local isometry group of the moduli space upon compactification from d = 4 to d = 3.
The group G’ has been proposed as a spectrum generating symmetry group in d = 4
supergravity, and its minimal unitary representation studied in connection with black hole
degeneracies (see [LI]] and references therein.) For the relation to the topological string,
the most relevant point is that the minimal representation of G’ contains a one-parameter
family of Schrodinger-Weil representations of G with varying values for the center Z = ih,
with the representation relevant for the topological string arising at A = 1. This suggests
the existence of a “generalized topological amplitude”, a one-parameter extension of the
usual perturbative topological amplitude, which (in the special cases we consider) would
be described by a state in the minimal representation of G'. We conjecture that this
generalized topological amplitude could control corrections to hypermultiplet couplings
and be related to the nonabelian Donaldson-Thomas theory. We also briefly discuss the
appealing possibility that the topological amplitude could literally be a theta function
(in the appropriate sense), which would in principle determine the whole nonperturbative
partition function up to at most a finite-dimensional ambiguity.

For completeness, in Appendices A and B we discuss a relation between the real-
polarized wave function and the “holomorphic ambiguities” introduced by BCOV in solving
the anomaly equations, and the form of the wave function in a positive-definite holomorphic
polarization.

Holomorphic rewritings of the anomaly equations in some special cases have appeared
before in the literature, e.g. 1. The anomaly equations and their quantum-mechanical
interpretation have also been reexamined in [[[3, [[4]. Modular properties of the anomaly
equations have recently been discussed in [[[5], and treated more generally in [[[], which
appeared while this paper was being finalized. Parts of [[[§] overlap with parts of section P
of this paper.

2. The anomaly equations revisited

In this section, we discuss various forms of the holomorphic anomaly equations. Most of
these have already appeared in the literature; our main purpose is to introduce a new
version of the topological string partition function which is purely antiholomorphic, and
whose dependence on the antiholomorphic variables is governed by a heat-type equation
given in (R.69) below. Along the way, we also clarify some aspects of the more standard
presentations of the topological amplitude. Our discussion is couched in the language of



the B model topological string on a Calabi-Yau threefold X, but with suitable changes of
notation and wording it would apply equally well to the A model.

2.1 BCOV’s holomorphic anomaly equations

Let M denote the Teichmiiller space of complex structures on X, equipped with its Weil-
Petersson metric g. Let 7 be the holomorphic tangent bundle to M, and £ the line bundle
H39(X,C) over M.

In terms of local complex coordinates on M, a point ¢ € M may be written (ti,fg),
with i = 1,...,n,, where n, = h*'(X). We also work in a local trivialization of the line
bundle £, given by some local holomorphic section (). Then let K denote the Kéhler
potential, defined by

K(t, 1) = —log||Q|? = —logi/X QAQ. (2.1)
The metric compatible connection in £ is
Dis = (0; — 0;K) s. (2.2)
Moreover, K also serves as a local Kédhler potential for the metric on M:
9;; = 0:0;K. (2.3)

Following [ff], we consider the generating function of the genus g correlation functions
C9 . of n chiral fields, in the B model topological string theory on X:

i1+%n

W (i #52',\) = ZZ A29 2O (D et 4 (2= 1)logh (24)
g=0n= 0

This is a formal series which need not converge; throughout this paper we will ignore this

issue. We consider z as the coordlnates of a vector z'-2; € 7. Similarly we consider the

8#
inverse topological string coupling A~! as the coordinate of an underlying vector A\™1Q € L,

and C’l(1 9) 4, as the coordinate expression of an element in (7%)" ® £2972,

The correlation functions C9) are given by c9 =0 for 29 —2+4+n <0 (so W does

11...0n
not incorporate the genus 0 and 1 vacuum amplitudes) and
D; ---D; ,Ci i i, for g=0,n2>3,
CZ(f_)__in(t,f) = D;, -+ D;, Fy forg=1,n>1, (2.5)
D;, ---D; F, for g>2.

In particular, Cj;, = CZ(;]]Z

M by the special geometry formula'

is the tree-level three-point function, related to the curvature of

Rispi = 959k + 9915 — €7 CirmCiing™ (2.6)

!Note that our definition of Ciji differs from the one used in most of the supergravity literature by a
factor eX.



The covariant derivatives in (R.5) incorporate the Levi-Civita connection acting on 7%,
given in coordinates by I‘fj = gkkaigﬂ;,, as well as the connection —9K in L. So, for
example,

DiFy = (0; — (29 — 2)0;K) Fy, (2.7)
D0\ = (8; — (29 — 2)8:K — T50,)CLY. (2.8)
In [A] the topological string partition function is written

Ypcov = exp [W(ti,fj; z, A)] : (2.9)

Because of the last term in (R.4), ¥pcov is a section of £1731.2 The holomorphic anomaly
equations can be expressed as two conditions on Ygcov:

— = T 82 8 a
kk
[@ 5 Crg" 9" g ar t 9 (/\5 ot k)] Upcov =0, (2.10)

0 0 0 0 1 »
[% I ak+6K<24 1—>\a> Ry +8F1+2>\20ijk$]56k}‘I’BCOVZU-

(2.11)

The second equation (R.11]) summarizes the relations (£.4), (R.H), while (R.10) reproduces
the holomorphic anomaly equations proper, which relate the antiholomorphic derivative of

the genus-g correlation function to correlators at lower genera.

2.2 Verlinde’s holomorphic anomaly equations

E. Verlinde’s version of the holomorphic anomaly equations [§] is obtained from (R.10),
(2.11)) by making two transformations. The first step is to rescale 2o = A7zl 4, so that
the first term in (R.4) vanishes at A = 0. After this rescaling 2’ are coordinates in 7 ® L,
so altogether (¢, oot A1) are coordinates on the total space of £ @ (7 @ L) over M; we
call this total space M. Second, note that the anomaly equation for the one-loop vacuum
amplitude [f],

%%Fl = ;62 CZ‘MC”[ gkkg” (% — 1) gﬁ, (2.12)
(which is contained in (P-1() at leading order in \), is solved locally by 3

1
F=—-1
1 20g’g‘+< 2 24

my + 1 ——+1>K+f1(t)+f1(i). (2.13)

Here fi(t) is a holomorphic function and |g| = det(g;;). To patch these local solutions
together into the global Fy, e/1® should be the coordinate expression of a section of

£321 ® IC2 , where KCpq is the canonical bundle of M, locally trivialized by the
section dt! A --- A dt"™. Then defining

_1— nv+1

Uy (t, &2, N) = e "OWpeoy(t, £ Az, N, (2.14)

2More precisely, Upcov is a section of the line bundle obtained by pulling back Elfﬁ from M; we will
abuse language in this way several times.
3This equation corrects a sign error in (4.7) of [E], which affects (4.4) and (4.5).



. . _ny+l 1 v .
WUy is a section of L7727 ® L}, over M, and the anomaly equations for Uy are expressed

purely in terms of the special geometry of M:

O 1 oxa  jj kk i 0
~ _ = Lo : — Uy = 2.1
[atz 2¢ Cind" 9 GraaaE 9 gy | Vv =0 (2.15)
.0 1 0 1 »
k -1 k _
where 5 5 5

_ 9 ) k9 1 n, + 1

Vi= oY 0K (x Dk +A s + 5 ) . (2.17)

A crucial observation for what follows [§] is that, provided both Uy and ¥/, obey (R.13)
and (R.164),

/dxi Azt dA VA gl e K

exp (—e_Kxigij:Ej +e FATIA Ut 82, ) Uy (t, &, \)

(2.18)

is a pure number, independent of (¢,¢). This is proven by formal integration by parts.

2.3 The wave function property and coherent states

The holomorphic anomaly equations were elegantly reinterpreted in [[f] as the wave function
property of the topological string. In this section we review this reinterpretation.

Recall that Wy is defined on the total space M of the holomorphic vector bundle
L& (T @ L) over M. The fiber at t € M of this vector bundle can be identified with
the fixed vector space H3(X,R), equipped with a particular “Griffiths” complex structure
J;. Explicitly, the correspondence between an element v € H3(X,R) and the coordinates
(M"Y x) on L@ (T ® L) is given by the Hodge decomposition of H3(X, C):

F=A10+ 250 + 250 + 20
c H3O o g2l g HL2 g HO3 (2.19)
~ L (Tl e (TeL) o L

Here we introduced 6;,Q2 = (9; + 9; K)S2, which is the (2,1) part of 9;Q2. Using this decom-
position one can define

(2.20)

7 = —i—ionHi:H&OEBHQ’l,
") —ion H3 = HO3 @ H'2.

Then H3(X,R) with the complex structure J; is identified with the +i-eigenspace Hf’r
So as a complex vector bundle over M, L @& (7 ® L) is isomorphic to the bundle of +i-
eigenspaces H 3_, which we write as H‘(j_.

H3(X,R) also carries a canonical symplectic structure, inherited from the antisym-
metric pairing (a, 8) = [y, @ A 8 on Q3(X,R): in our (z,A\™!) coordinates it is

w=ie X (gﬁdwi Adid — dALA dX‘l) . (2.21)



This w is compatible with J; for every t, so the [J; give holomorphic polarizations on the
fixed space H3(X,R). Witten’s proposal [fI], revisited in [, is that Uy (¢,; 2, \) at fixed ¢
should be viewed as a wave function obtained by quantizing H(X,R) in this holomorphic
polarization,* and the anomaly equations (2.15), (B-16) simply implement the infinitesimal
Bogoliubov transformation which results from a change of (¢,1).

In other words: there is some Hilbert space H obtained by quantizing H3(X,R) with
the symplectic form w. In H there should be a state |¥) which contains the background-
independent information in the topological string theory. Further, there should be a (¢,1)-
dependent basis of H* consisting of “coherent states” (t7f)<$, A|, such that

Uy(tEa, ) = e AID). (2.22)

The holomorphic anomaly equations obeyed by Wy then express the variation with (¢,1)
of the states (, (z, A|; they give no constraint on the state |¥).
Let us prove a few facts about the basis of coherent states. By definition they diago-

nalize the (¢,?)-dependent annihilation operators A~ AL and 2%
(@ A AT E) = (@ AL AT e Al 21, 8) =p (@A (2.23)

We also want to work out the action of the creation operators )\ L(t,t) and xz(t t). These
should be the adjoints of the annihilation operators. To determine them explicitly we need
to use the formula (R.1§), now interpreted as

(W' W) = /dxi Azt d L da T gl e e K

exp <—67Kxigﬁi“3 + efK)fl;fl) (V'|z, \)(z, \| W), (2.24)

which expresses the “completeness relation” for the basis of coherent states,

/dmi dz' dAt ax! Vgl e M5 K exp (—e*Kxigﬁafj + e*K)\*ljfl) |z, \){z, \| = 1.

(2.25)
Using (R.25) and integrating by parts, we can show that
AT = —eK 2 AL @A =B gL L (2.26)
( 73 ’ (9)\71 (t,{) ’ ’ ( 73 ’ ax_] (t,a ’
consistently with the commutation rules which follow from (P.21)),
AT = e [l 7] = —eKg (2:27)

Then exponentiating these derivative operators, one can construct all of the coherent states

by acting with creation operators on a fixed vacuum:

00T, Al =(,p) (2] exp [ K (—A_lijl +:cigi3:gj)] , (2.28)

41t should be stressed that, despite the adjective “holomorphic”, ¥y does depend on &; the holomorphy
here refers to the dependence on the phase space coordinates (z,\) only; the coordinates (¢,t) are not part
of the phase space we are quantizing, but rather parameterize the possible polarizations.



where (Q] = (z' =0, A" =0].
Substituting (2.2§) in (R.29), we conclude that the topological wave function in Ver-
linde’s presentation can be written as an overlap

Uy (t, t;2,A) = (1,p(Q exp [efK (—)\71;_\1 + xlgzjzg)] |W). (2.29)

To reduce clutter, we will sometimes drop the explicit (¢,¢) dependence of coherent states
and creation/annihilation operators from the notation.

We conclude this section with two comments. First, note that the Hermitian metric
constructed from w and J; is not positive definite, but rather has signature (n,,1) (as
reflected by the wrong-sign Gaussian in the integrand of (2.1§)). This point, well known
in the mathematics literature and also noted e.g. in [[[7], implies that the coherent states
we considered above are not normalizable states. Hence it seems that these coherent states
must be considered as somewhat formal objects. To perform the quantization rigorously
in this indefinite-signature polarization, one should perhaps introduce higher cohomology
instead of trying to represent the states as holomorphic functions. Alternatively, one could
switch to a polarization for which the metric is positive definite. There is a natural choice
available, namely the “Weil” complex structure J/, given by the Hodge x operator on
Q3(X,R), which acts as

) +ion H30 g Y2

| = 2.30
i {—i on H%3 @ H>!, ( )

Formally, one can transform from the J; polarization to the J/ polarization by Fourier
transforming over A™! (see appendix B). One complication in this approach is that 7/ does
not vary holomorphically with ¢ (unlike ;). Throughout this section we will work formally
in the indefinite-signature polarization, which is the one where direct contact can be made

with the anomaly equations .
ny+1

1

Second, let us comment on the occurrence of the line bundle £~ 2~ ® £}, pulled back
from M, where both ¥y and the coherent states (tvg)(x, A| are valued. This bundle, which
we call IC%, is naturally isomorphic to a square root of A" (T* ® £* & L£*). In other

1
words, an element of K2 is the same as a square-root of a holomorphic top-form on H f’L

The wave function Wy is hence naturally “twisted” by the bundle of half-forms. Such a
twisting makes no essential difference if one looks only at a fixed ¢, but it introduces phase
factors in the Bogoliubov transformations which arise upon varying ¢; indeed, twisting by
K2 is exactly what is needed to ensure that the wave function has trivial monodromy upon
traveling around a contractible loop in M. This is known as the “metaplectic correction”
to the quantization of the phase space (see e.g. [1§, [9]), and plays an important role in
making the topological amplitude covariant under electric-magnetic duality.

2.4 Homogeneous coordinates

To simplify the anomaly equations further, it is convenient to replace M by the space M
of complex structures on X with a chosen holomorphic 3-form 2. The benefit of so doing is

that M admits a class of particularly nice coordinate systems. To construct them, first note



that M can be embedded into H3(X,C) just by mapping a point of M to its corresponding
Q). This embedding realizes M as a complex Lagrangian cone inside H3(X,C).

Suppose we choose a symplectic basis (or “marking”) {A!,Br}, I = 0,...,n,, for
H3(X,R). Then define coordinates on H3(X,C) by

Xf:/ Q, Flz/ Q, (2.31)
Al By

and introduce the “characteristic function”

1
F= §XIFI. (2.32)

The cone M is said to be “generated” in this basis by F(X): this means M is the subset
of H3(X,C) defined by

Fr(X) = (2.33)

ox1!’
In particular, a point (X', Fr) on M is determined locally by its X!, so the X! give a
complex coordinate system on M, which can also be viewed as a homogeneous coordinate

system on M. We also introduce

7r7(X) = 010, F, (2.34)
C[JK(X) = 01050k F. (2.35)

In what follows it will be convenient to think of Wy, as defined on M ; concretely, we consider
Uy to depend on the X! as independent variables, and to be invariant under their overall
rescaling.

We expand v € H3(X,R) in terms of the basis {9;Q} instead of the basis {€2,§;Q},
writing

1 . L
T=3 (e_%mxlafﬁ + e%ma’cI@[Q) . (2.36)

where the phase was inserted for later convenience. These coordinates z/ on H3(X,R) are

related to the (z¢, A\71) of (R.19) by

1 . )
ie*i%l = \'XT 42D, xT, (2.37)
where we introduced
D X! = / 6:Q = (0; + K)X!. (2.38)
AI

The 2! are sometimes called “large phase space coordinates”. They give a natural section
1
VI, dz! of K2; we will write Uy with respect to this trivialization.
The symplectic form on H?(X,R) becomes in these coordinates

w = % (fm]ry do! A dz’. (2.39)

This leads, upon quantization, to the commutators

[}757] = —2lm ). (2.40)

,10,



Since the change of variable (2.37) is holomorphic (at fixed X), the wave function ¥y in
the 2! variables is just obtained by direct substitution of the coordinate change into the old
wave function, with no Bogohubov transformatlon requlred In other words, the coherent
states (; p(z, A| which diagonalize X and 2 also diagonalize 21. Then substituting in (2.24)
gives directly

el = (!, (a7 = 2tm 7K =2, (2.41)

oz
Similarly, substituting in (P-2§) gives
I 1 -3
(x'| = x{(Q|exp |:§CC [ImT]UxJ] . (2.42)

Here x(Q| is the same vacuum that appeared in (2.2§), which is annihilated by 2.5 Thus
the overlap formula for Uy, (-29), may be rewritten as

_ 1
Uy (X X 2! = x(Qfexp [2 ImT7|;;z ] |¥). (2.43)
Using -
Wt = det[Im 7] daldz’ = |g| e HIE dat dzt dATH dAT! (2.44)
and
det[Im 7] = |g| e~ (DK, (2.45)

the inner product (2:1§) becomes
(U |W) = / da! dz! \/det[lm 7] e~ 2% M7l gl (7Y@ (2]). (2.46)

Finally, the anomaly equations (2.15), (B.16) become [§, [[7]

9 i *JK 0’
d 19 8
[—BXI 5 9xT log det[Im 7] + Cf]xja = + C[JKI'J.%'K:| Uy =0, (2.48)

where the indices are raised and lowered with the metric [Im 7]7; and its inverse [Im 7]7.

2.5 The real polarized topological amplitude

An obvious nuisance in representing |¥) in the holomorphic polarizations given by 7; is
the dependence on the basepoint ¢ € M, which as we have reviewed is responsible for the
holomorphic anomaly equations. An alternative (emphasized in [§]) is to consider instead a
real polarization, based on the decomposition of v € H3(X,R) with respect to a symplectic
basis (A!, By) of H3(X,R), with dual basis (ay, 37):

v=plar +qp". (2.49)

SWe are suppressing the X dependence of x(Q| to lighten the notation.
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This gives coordinates (p!,qr) on H3(X,R) which do not require a choice of ¢; we have
traded that dependence for the dependence on the chosen symplectic basis. The relation

(]

between the decomposition (2.49) and the one considered above in (R.3€) is
p’ =Re(z!), q; = Re(rr527); (2.50)

so upon quantization, p! and g; should become Hermitian operators, with

~ —~

ol =Re(zl), G = Re(rrja), (2.51)

while the symplectic form w = dgqr A dp’ gives

~

[, qy) = id%. (2.52)
So now we can introduce coherent states |p’) with
Py =98, @) = i), (2.59)
normalized to obey the completeness relation
[ =1 (2:54)
If we write |Q)g = [p! = 0), then the coherent states can be constructed from |Q)g by
p") = exp(=ip"41)|Q) - (2.55)
Using these coherent states one can represent |¥) in a real polarization:
Tr(p') = ('|). (2.56)

This Wy is related to Wy (p’; X, X;2) = (z!|¥) by a Bogoliubov transformation,

Uy(X,X;z) = /dpf oxer ol p") Wr(ph). (2.57)

To write this transformation explicitly we need to determine the intertwining function
(x7, X})<$I \p_l ). This is the holomorphically polarized form of the state |p’), so we call it
Uy (p'; X, X;z). Substituting the expressions (R.42), (R.55) for the coherent states, we have

_ 1 > . I~
\I’v(pl; X, X;2) = x(Q|exp <§x‘][1m T]JKQ?“K) exp (—1p1q1) )R- (2.58)

—

Then using z!/ = 2p’ — 2!, g7 = 77yp’ + i[lm 7|7 ;2! and commuting the operators x!, p’
(such that [2!,p’] = —Im7!/) to annihilate the vacua at the two ends gives

_ i 1
\I/v(pI;X,X;x) = (x(QQ)r) exp [—EpITUpJ —i—pI[ImT]UxJ — le[ImT][JxJ . (2.59)
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The normalization factor x(Q2|Q2)gr can be determined (up to an unimportant overall con-
stant) by requiring that Wy (p’; X, X; x) obeys the equations (2.47), (R.4§): it turns out to

be y/det[Im 7], so altogether®

Uy(ph; X, X;z) = +/det[Im7]exp —%pIﬁJpJ + pl[Im 7] 2? — ixl[ImT]Ux‘]]
(2.60)
In appendix A, we discuss how the real polarization relates to the “holomorphic ambigui-
ties” which appear in [f, section 7].

We close with one comment. Above we have emphasized that the real polarization
involves the choice of a symplectic basis of 3-cycles (symplectic marking). As usual in
quantum mechanics, the wave functions Vg, Wi/ in two different symplectic bases differ by
a Bogoliubov transformation: e.g. under By — By + myjA’, Ug transforms by

Ui (ph) = P m1v” g (ph), (2.61)

and under an exchange A; « B,

Ui (q1) = / dp' "1 g (p). (2.62)

There is a small subtlety here: it turns out that in order to fix some sign ambiguities in
the Bogoliubov transformations one needs to consider the wave function as a half-density.
So it is Ugr(p!)\/|[] dp!| that is actually well defined [[§]. This is another aspect of the

metaplectic correction which we mentioned in section P.3.

2.6 The (anti)holomorphic topological amplitude

So far we have mainly reviewed forms of the topological string partition function already
found in the literature. In the next two subsections we introduce two new variants.
We begin with the holomorphically polarized topological amplitude (),

_ 1 —
Uy(XT, X 2T = x{(Q|exp [?Hum T]Iﬂ;J] ). (2.63)

As we have discussed, this Uy is a section of the holomorphic line bundle K3 over the com-
plex manifold M, the total space of Hi over M. It obeys holomorphic anomaly equations
which are close to, but not identical to, those satisfied by the complex conjugate of a theta
function. The obvious difference is that a theta function (¢, z) is purely holomorphic both
in t and in z. So we want to make some transformation so that ¥y will become purely
antiholomorphic.

To do so, we need to overcome three obstacles, two of which are apparent even without
looking at the detailed form of the anomaly equations. First, K3 is a holomorphic line
bundle over M , so there is no well defined notion of an antiholomorphic section. Second,

Uy depends holomorphically rather than antiholomorphically on the fiber coordinates z!.

5This function was first obtained in [E], by factorizing the semiclassical partition function of the NS5-
brane wrapped on X.
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Both of these problems can be solved using the Hermitian metric in Hi (which in our
coordinates is [Im 7]7;.) First, using this metric one can identify K2 ~ IC_%, so that we
will have a section of an antiholomorphic line bundle instead of a holomorphic one. In
our coordinates and local trivialization this just means dividing by y/det[Im7]. Second,
one can also identify the total space of H3 with that of (H3)* = (H?)*, thus reversing
the complex structure on the fibers, so that Wy will be antiholomorphic on them. This
amounts to the change of coordinate z! = [Im 7)//7;.
Making these transformations in (R.63) leads to the function

1 —
X(Qah| exp |:§ng]:| |\I’> (2.64)

Here we have rescaled (Q| = \/det[Im 7](Q,y|. Still, () cannot be antiholomorphic in
X: the trouble now is with the annihilation operator xJ Wthh we recall depends implicitly
on X. But since z7 annihilates (Qan| one may replace 7 by o) 43 = 2p”/, at the expense
clf\ 1ntr0d/u\cmg an extra phase from the Baker-Campbell-Hausdorff formula in commuting
x/ past z7/:

—~ 1 1
sl exp i) 19) = exp (o' lse? ) alesp |goiel| 0. 205)

The left side of (R.6]) is our candidate for the antiholomorphic version of the topological
amplitude:
(X7 X5 1) = x(Qanlexp 70| ). (2.66)

In terms of the original ¥y, we can summarize our transformation as

exp (2! [Im 7] 27)

U (X1, X)) =
an 1) det[Im 7]

Oy (X1, Xt 27). (2.67)

Now we want to see what sort of anomaly equations W, obeys. The simplest way to work
this out is to apply the transformation (R.67) to the explicit solutions (2.6() giving the
intertwiner to the real polarization: they become

) i
Uan(p’; X, X;91) = exp [—519] 7rop’ 4+ p' yf] : (2.68)

To avoid the nuisance of working with antiholomorphic objects, from now on we use the
1

holomorphic Wy, = ¥?, , a section of K~ 2. Then in terms of Wy, the anomaly equations

take the simplified form”

O e la=0 (2.69)
axI V1K D0, 0UK hol = Y, .
0
W\I}hol - 0 (270)

"Note that ()7 (.70) could be summarized as §Wnol = 507k 0y, Oy Prot, which is formally identical
to the heat equation giving the variation of a holomorphic Siegel theta function ©(7,y) with 7. Indeed Yo
behaves very much like a Siegel theta function, except that 7 is not allowed to vary arbitrarily, and worse
yet Im 7 is not positive definite, so the usual construction of holomorphic Siegel theta functions would lead
to a divergent series.

- 14 —



(]

The inner product (R.44) of wave functions becomes

(W) = /dyl dyr \/det[Im 7] fé(yﬁg[)[lmT_l}”(y‘ﬁg")‘l’iwl(X,X;yl)‘lfhol(X,X;yl)-

2.7 The generalized heat equation

For comparison to the results we will find in section f] we will make one further transfor-
mation of the partition function. This transformation can be made only after choosing a
privileged element A° in H3(X,R), with corresponding period i) =X 0. Having done
so, one may define coordinates on M by

Xi

i

(2.72)

Now we make a small further adjustment: we divide the coordinates y; into {yo,y;}, and
then replace yg by
w = yo + t'y;. (2.73)

(This shift will find a natural interpretation in section B.5.) Considering ¥y, as a function

of (#',yi,w), (E69), [ET0) then become

o i o2 9
9 oty L wy =0, 2.74
ot 2 % ag00 | Vow]| ! (2.74)
9
57 Uhot =0 (2.75)

This is not too hard to check using the relation X ICik = 0, which follows from the defini-
tion (P.35) and the homogeneity of F', and which in these coordinates implies p/pECirk =
(' — %) (p* — p°t*)Cijie.

Altogether then, we have found that the complex conjugate of the BCOV topological
string amplitude can be transformed into a strictly holomorphic function Wy, obeying a
heat equation analogous to that of the Jacobi theta series. To be precise, we gave two
closely related versions of this heat equation, namely (R.69) and (2.74).

The existence of such a heat equation is not unexpected: indeed, it was the similarity
between the anomaly equation of [ff] and the heat equation that led Witten to propose the
wave function interpretation of the topological string partition function. This interpretation
was natural particularly in light of the earlier work [R{], in which the heat equation for
(abelian and non-abelian) theta functions was identified as a “background dependence” in
the quantization of the moduli space of flat connections on a Riemann surface, coming from
the need to choose a complex structure. However, the analogy has always been slightly
puzzling: if the topological string partition function arose in this way one would expect
it to be purely holomorphic, as was the case for the theta functions of R(]. We view the
transformations relating ¥5,qy to i, given above, as the resolution of this small puzzle:
in summary, ¥5-oy can be made holomorphic by choosing the proper complex structure on
its domain, and by choosing a different convention for the genus zero 0,1,2-point functions
than was chosen in [f.
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In section [, we will give a representation-theoretic construction of the anomaly equa-
tions for Wy, exhibiting its wave function nature directly, in cases where M is a symmetric

space.

2.8 Modularity

So far we have considered the topological string partition function on the Teichmiiller space
M and its extension to M. In the string theory, though, the relevant space is generally
not M but some quotient I'\.M, where I' is a “modular group” of large biholomorphisms
of X. So we should ask how the topological string partition function transforms under I'.

For the original partition function Yooy the answer is simple. Since Vpcov is defined
directly in terms of the B model topological string theory, which appears to be I'-invariant,
WUpcov should also be I'-invariant. However, we must be careful about what this means,
since Ypoov is a section of £1721. So to be precise, the action of I on X induces holomor-
phic actions on M, 7 and £, and we expect that Upcov is invariant under the combined
action. For the modified partition function Wy the story is similar, except that Wy is a
section of K2 instead of £17 3.

If we choose some specific coordinates on H3(X,C) and trivialization of IC%, then we
can be more concrete. For example, suppose we choose the coordinates 2! and trivialization
of K2 by the half-form +/[]; dz!, as in section 4. An element v € T acts on H3(X,C) by
some element in Sp(2n, + 2,7Z), which we also write as «: in a basis where the symplectic
form is the block-diagonal (_01 (1)), write

Al By
v = . (2.76)
<CIJ D§

Based on the above we expect that Wy (¢,2)/][; dz! should be invariant under the action
of ~v. This leads to the transformation law

(det[CT + D])2 Uy (1t, (C7 + D)z) = Uy (t, z). (2.77)

The point vt can be characterized by the fact that the period matrix 77; transforms as
7 = (AT + B)(CT+ D)~ L.

Now what about Wy,? The transformation (R.67) relating ¥y to ¥f, introduces
extra factors which depend explicitly on the choice of a symplectic basis. With these
factors included, the transformation law (R.77) is modified to

(det[CT + D])_% Uhol (’yt, (Ct+ D)fly) = exp <—%y1 [(CT+ D)_l]ﬂCjKyK> Upa(t,y),

(2.78)
just as for the Riemann theta series [R1].

This modular property in principle gives strong constraints on Wy,. One concrete
way to extract these constraints would be to make a perturbative expansion of log Wy,.
At each genus we would then expect to find a holomorphic section of a holomorphic line
bundle over '\ M. If '\ M can be compactified while keeping control of the behavior near
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the boundary points, then such a line bundle has a finite-dimensional space of holomorphic
sections; in other words, Wy is determined up to a finite-dimensional ambiguity at each
genus. This seems to be consistent with the results of [[[4, [[d], who have recently studied
the constraints modular invariance and the anomaly equation impose on topological string
perturbation theory.

3. The holomorphic anomaly for symmetric tube domains

Now we consider a special class of N’ = 2, d = 4 supergravity theories coupled to vector
multiplets. These theories are constructed from Euclidean Jordan algebras J with invariant
cubic norms, and can be obtained by dimensional reduction from corresponding theories
in five dimensions, which were constructed in [R3-R4]. In the five-dimensional description,
the vector fields are in 1-1 correspondence with basis elements of J. After dimensional
reduction this correspondence is extended: both electric and magnetic field strengths get
related to basis elements of the “Freudenthal triple system” defined over J [2§-R9].

Given J we review the construction of this Freudenthal triple system as well as a
special Kahler manifold M, which is the vector multiplet moduli space of the corresponding
d = 4 supergravity theory, and a global symmetry group G which acts transitively on M
by isometries. M is equipped with a privileged set of special coordinates, in which the
prepotential is directly related to the cubic norm of J.

Most of these supergravity theories are not known to arise as low energy limits of Type
IT string theory compactified on a Calabi-Yau threefold. One notable exception comes from
Type 11 string theory compactified on a quotient of K3 x T, considered in [B(] and recently
reinvestigated in [BI], B3]. The vector multiplet moduli space of this theory has a classical
S0O(10,2) x SU(1,1) symmetry acting transitively. A priori this symmetry could be broken
by genus zero worldsheet instantons, but it turns out that these instantons are absent, so
the exact special geometry of the moduli space is SO(10,2) x SU(1,1) symmetric. Indeed,
this model gives a string theory realization of one of the generic Jordan family of N’ = 2
Maxwell-Einstein supergravity theories, with n = 11 vector multiplets (the first row of
Figure [l| below), coupled to 12 hypermultiplets.

It would be interesting to have more examples of magical supergravity theories which
can be embedded into string theory. In fact, several candidate theories can be found in [BJ,
among them a model which at low energy describes the coupling of 15 vector multiplets
to N' = 2 supergravity. It is easy to show that, at least before considering worldsheet
instantons, this is the “magical” supergravity theory with moduli space SO*(12)/(SU(6) x
U(1)) (the fifth row in Figure ). It is not known whether the SO*(12) symmetry of this
moduli space survives into the quantum theory.

In any case, the holomorphic anomaly equation can be constructed from an N = 2,
d = 4 supergravity theory without reference to its embedding into string theory. From now
on we adopt this point of view.
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3.1 The phase space

We begin with a Euclidean Jordan algebra J, of real dimension n,.2 We assume that J
admits a cubic norm N, which may be written concretely in linear coordinates

1 o
Np) =5 kP Pp" (3.1)
From J one can construct an associated “Freudenthal triple system” (see e.g. [B—[1));

this is a real vector space V which decomposes as
V=ReJpJDR. (3.2)

We choose linear coordinates p°, p, g;, qo respectively on the four summands (using the
Jordan algebra trace to pair the two copies of J). We also introduce the index I = (0, 7).
Then V is equipped with a natural symplectic form w,

w = dp® A dgo + dp* A dg; = dp' A dgr, (3.3)
and a quartic form constructed from the norm on J,
I = 49°N(g;) — 4qoN (p') + 44} P} — (0°a0 + P'ai)*. (3.4)

where pg = %C’ijkpj P, qé = %Cij kqjqk. We define G as the group of linear transformations
of V which preserve w and Iy; this G shows up as a global symmetry of the supergravity
theory, and in particular it acts by isometries on the moduli space M as we will see below.

There is a particularly important generator D € g which recovers the real decomposi-
tion (B.9), acting with eigenvalues —3, —1, 41, +3 respectively on the four summands. Tt
also induces a decomposition of g into real subspaces

g=9-®go Doy (3:5)

where g_, go, g+ have eigenvalues —2, 0, 2 respectively. The three subspaces can be
conveniently described in terms of J. Namely, gg is the “structure algebra” of J, consisting
of infinitesimal linear transformations of J preserving IV up to overall rescaling; these act
on V in the obvious way. g_ and g4 are isomorphic as vector spaces to J; we write the
generators as S; and T respectively, and then define Rg = [S;,T7]. The trace of R gives
the abovementioned D, as D = %Rﬁf; we also define the traceless part D; = R; — %D.

3.2 The Teichmiiller space

Next we need to describe the Teichmiiller space M. As we mentioned above, this space has
been studied extensively in the physics literature [P3, R4, [2—[§]; for a more mathematical
review and pointers to the mathematical literature see e.g. the book [[[7]. Here we present a
construction of M described in [Bg], which is tailored to our needs: it mimics the procedure

8 A review of the relevant aspects of Jordan algebras can be found in @, @], in what follows we will
not need to know much about their algebraic structure.
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of section R.4, where the Teichmiiller space of a Calabi-Yau threefold X was realized as the
projectivization of a Lagrangian cone M inside the complexified phase space H3(X,C).

In our current setup V is playing the role of H3(X,R). So we should begin by com-
plexifying the phase space V' to V¢. Then the action of G on V' extends holomorphically
to an action of a complexified group G¢ on V. Inside Vi, we consider the orbit O of
the “lowest weight” vector (p°,p’, qi,qo) = (1,0,0,0). From the fact that any element of
gc only changes the D-grading by 0 or +2, it follows that O is a Lagrangian cone; the
projectivization of O is a compact manifold which we call Mp. This is almost, but not
quite, the desired M: indeed, by construction Mp is a single orbit of G¢, but under the
action of the real group G C G it has a further decomposition into orbits. The desired M
is a “big” orbit (open in Mp) for which the stabilizer of any point is a maximal compact
subgroup of G. By construction, then, M ~ G/K with K a maximal compact subgroup
of G. Similarly we can write Mp as G¢/P with P the stabilizer of (1,0,0,0). It will be
useful below to remember that M is embedded into Mp.? In particular, this embedding
immediately shows that M has a complex structure on which G acts by holomorphic au-
tomorphisms. Moreover, it gives a natural notion of analytic continuation to the boundary
of M.

This construction of M inside P(V¢) gives a nice class of homogeneous coordinate
systems on M, coming from symplectic markings of V', just as we discussed in section P-4
for symplectic markings of H3(X,R). Actually, in this case the situation is even better: the
decomposition (B.2) of V gives a natural symplectic marking of V, which turns out to give
an especially convenient projective coordinate system X’. The prepotential F' (defined as
the function which generates the Lagrangian cone in these coordinates, as in section P.4)
then turns out to be purely cubic,

N(X?)

(3.6)

The decomposition (B.9) also gives a natural 1-dimensional subspace (hence a natural choice
of the 0-th direction), which one can use to define honest coordinates on M,

=", (3.7)

For example, taking the Jordan algebra J = R, the above construction gives M as the
upper half-plane with its standard coordinate ¢ = x + iy. More generally, the coordinates
th = ' + iy’ realize M as a “generalized (Kocher) upper half-plane” inside J¢, of the

9To make this embedding M C Mp seem more familiar, we recall a closely related example. Consider
Gc = SL(2,C) acting on Vc = C?. Then the orbit O of the vector (0,1) is C*> minus the origin. Pro-
jectivizing gives the Riemann sphere CP' as Mp. Then letting SL(2,C) act on the Riemann sphere by
linear fractional transformations, the stabilizer P of the south pole consists of lower-triangular matrices;
so Mp is SL(2,C)/P. On the other hand, if one considers just the action of SL(2,R), then Mp breaks
up into orbits, namely the two hemispheres and the equator. On either the top or bottom hemisphere, the
stabilizer in SL(2,R) of a point is U(1); we call the top hemisphere M. So the standard realization of the
upper half plane M as SL(2,R)/U(1) is naturally embedded inside the realization of the Riemann sphere
Mp as SL(2,C)/P.
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s [ ¢ | kK | V |mn|

ReTl,-11 | SU(L,1) x SO(2,n) | UQ1)xU(1)xSO(n) | (2,n+2) | n+1
R SL(2,R) UQ) 4 1
Herms(R) Sp(6,R) U(1) x SU(3) 14 6
Hermg(C) SU(3,3) U(1) x SU(3) x SU(3) 20 9
Hermg(H) SO*(12) U(1) x SU(6) 32 15
Hermg(0) Er(_25) U(l) x Eg 56 27

Table 1: Euclidean Jordan algebras of degree 3 and their corresponding G, K, V and n,. The
groups G, K are given only up to a finite cover or finite quotient. Hermgs denotes 3 x 3 Hermitian
matrices; I',,_1,1 is a Jordan algebra of degree 2 defined by a quadratic form of Lorentzian signature

4.
form R3]

M={t=zx+iy:zeJye Jy} CJe, (3.8)

where J, is the cone of “positive definite” elements in J, with boundary contained in the
“cubic light-cone” {y: N(y) = 0}. M also has a natural Kéhler metric inherited from V¢,
with the simple Kéhler potential

K(t, 1) = —log N(t' — ). (3.9)

In these coordinates, the action of G on M can be described simply, e.g. because it comes
from the linear action on V¢: one finds that the generators T;, R;, S act respectively by
translations, Lorentz rotations/dilatations and “special conformal” transformations [[Ig],

0 . el
T; — ek R — =A%t

9

ok’ i

o (3.10)

S %A}itk
where A% = 5};5{ + 6£5f — CiimC¥™ 10 Here we introduced C%*, where the indices are
raised using the metric on M; this actually gives a constant tensor, numerically equal to
Cjk up to an overall constant, which can be shown using the fact that both C* and Cijk
descend from invariant tensors in the five-dimensional supergravity theory [4].

Note that the action of G preserves the condition that all ¢* are real. So G can be
thought of as a “generalized conformal group” Conf(.J) which acts on the Jordan algebra
J, as well as on M C J¢ [i9]. (This generalizes the fact that SL(2,R) acts on R as well
as on the upper half-plane.) The action of G on J preserves separations along the cubic
light-cone, i.e. N(z —2') =0 = N(gz — g2') = 0.

Now we have finished constructing the phase space V', the Teichmiiller space M, and
the group G, which we have seen acts naturally both on V' (by linear maps) and on M (by
holomorphic automorphisms). In Figure [] we tabulate the Euclidean Jordan algebras of
degree 3 and their corresponding G, K, V' and n,,.

CGST

°0ur C differs from that of GST [@] by a factor 2/v/3, C?ﬁe = i1k > to agree with the conventions

used in the special geometry literature.

2
V3
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3.3 Quantization of phase space: the Heisenberg group

Following the discussion of section P}, we now want to understand the topological string
partition function in these models as a state |¥) in the quantization of V. This quantization
as usual gives a Hilbert space Hp acted on by operators corresponding to the coordinates
{p’,qr} € V*. These operators together with a single central generator Z generate a

Heisenberg group H, with the standard commutation relations!!

lip!,iqy] = 3} 2. (3.11)

where Z acts on Hp by a pure imaginary scalar ih. In what follows we will always set
h = 1; this choice is consistent with section P where we used the commutation relations
[p!, qy] = i6%.

To construct a “topological string partition function” obeying the holomorphic anoma-
ly equations from the abstract state |¥), we want to introduce a basis of coherent states for
each point t € M. Hence we need to define a complex structure [J; on V. We define it as
in section R.3, in terms of a Hodge decomposition. Recall that D gave a real decomposition
of V, shown in (B-3). More generally, its conjugate D; = (Ad(expt'T;))D gives a conjugate
decomposition

Ve=VsaViaV eV (3.12)

where for complex t the eigenspaces are not invariant under conjugation. This is our desired
Hodge decomposition at the point t € M p, from which J; can be constructed as in section
P.3. This Hodge decomposition has been discussed previously in [5{].

3.4 The Schrodinger-Weil representation

So far we have discussed the action of the Heisenberg group H on the Hilbert space Hp.
In the present case there is another natural group around, namely G, which acts on V
by symplectic transformations. The symplectic transformations induce an action on Hp:
g € G gives a Bogoliubov transformation B(g), satisfying the condition'?

B(g)fB(g)™' =gf. (3.13)

The requirement (B.13)), together with unitarity, is enough to determine B(g) up to a phase
ambiguity. In particular, it implies that B(g)B(¢') = eie(gvg/)B(gg’). One can then try to
choose the ambiguous phases in such a way that B(g)B(g¢') = B(gg¢’). This is not possible
in general, but one can always manage it by passing to a “metaplectic” covering group of
G} in what follows we will implicitly replace G by this cover when necessary.

1We write the commutation relations for ip and ig rather than p and § because we want to deal with the
skew-Hermitian generators of the real group H.

2The existence of some B(g) satisfying () can be abstractly proven by the following standard argu-
ment: for a fixed g, we consider two different actions of H on Hj, one by if +— if, the other by if — ig}.
Because g preserves the symplectic structure, these are both representations of H, with the same central
character Z +— ih. Hence the Stone-von Neumann Theorem guarantees that they are equivalent, so the
desired B(g) exists.
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St R:,D T;

Table 2: A list of the generators of the Lie algebra g, with two gradings, by D (horizontal) and
by A (vertical).

So we have actions of G and H on the Hilbert space Hp, with the commutation
between the two determined by (B.13)); hence we can think of Hj as a representation of an
extended group G=GxH. Following [[L(] we call it the “Schrodinger-Weil representation”.
At least formally, it has a natural extension to a representation of a complexified group
é(c = G¢ X Hc, acting holomorphically on Hp; in the construction of the topological
amplitude below, we work formally with the complexified generators.

Let us describe G in a bit more detail. The Lie algebra g has a decomposition which
naturally extends (@) in addition to the grading by the dilatation generator D which
runs from —3 to 3, there is a second grading A (not implemented by any element of g, but
see section B.§) under which g has grade 0, V* grade 1, and Z grade 2. We represent the
two gradings in Figure . Moreover, we can realize the Schrodinger-Weil representation Hp,
(with & = 1) concretely in the real polarization given by our chosen symplectic marking:
then Hjy, just consists of L? functions of the n, + 1 real variables p’, and the generators of

g act by

Z 1, (3.14)

o~ 0 e 0

Qo — 55 G 5 ipi —ip',  ip? > ip”, (3.15)

. 2 3
i 1 ik 9 Zi } Yoo ik 0 9
S 5 8]?]3 A +p 8]90’ T; — +20Ukp]p p 8pi’ (316)
, 9 .0 1 , 0 0
RI s 57,0 _ Ty Mo L (7 S T I 3.17
e Pjap, + 5 Cin (P o + ap (3.17)

Now we recall that C, constructed from the norm of the Jordan algebra J in (B.1)), satisfies
a crucial “adjoint identity” [R3] which implies

Ci O = <% n 1) a. (3.18)
Then defining D = n—iR; and using (B-17) we find

o 1
5 30T, (3.19)

0 .
D+—>3poa—p0 +p'

For later use, we note a few facts which can be easily checked using this explicit realization.
First, we introduce a state |(2), defined by the constant function f(p) = 1.!3 This state

o~

is annihilated by the generators ¢!; these generators are not the annihilation operators of

13This |2),, is not normalizable, so it does not strictly speaking belong to Hp.
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any holomorphic polarization, but it turns out that they arise as the ¢ = 0 limit of the

annihilation operators of 7;, so we can sensibly refer to |Q2), as a “vacuum at t = 0.” Now

we note that [2), is also annihilated by S* and D;, and has eigenvalue 1 (n, + 3) under D.
Second, we note that the operator equation

1 ~ ~
ZT; + §Cijkp]pk — poqi =0 (3.20)

holds in the Schrodinger-Weil representation. In the next section we will identify (B.2(])
with the holomorphic anomaly equation.

3.5 The anomaly equations

In this section we will argue that Wy, when considered as a function of both ¢ and y, has
a natural interpretation as a matrix element of the Schrodinger-Weil representation, and
that if one adopts this point of view from the outset, the anomaly equations arise naturally
from the operator equations (B.2().

First recall from (R.6G) that for fixed ¢t € M, W}, (¢,y) can be understood as a matrix
element of H acting on the Hilbert space Hp, between |¥) and a vacuum [(2), in the J;
polarization:

Whot(t,y) = (¥ exp(yrp?)[Q);. (3.21)

On the other hand, as we have just seen, the Bogoliubov transformations which relate
the vacua in various polarizations can be implemented by the group G¢ acting in the
Schrodinger-Weil representation. In particular, vacua in the J; polarization are related to
those in the Jy polarization by the action of any g € G¢ which maps ¢ to ¢’ in M. Now
recall that |2), is a vacuum in the polarization at ¢ = 0 and that 7; act by translations on
Mp, so exp (t’TZ) maps t = 0 to t. With this in mind, we write

), = exp (6T3) 12, (3.22)

Since |(2),, is annihilated by the special conformal generators .S; and transforms irreducibly
under the “Lorentz” generators R; with definite scale dimension under D, one can think
of Wy, as a generalized conformal wave function associated with a unitary representation
of G in the sense of [F1].

One could ask whether (B.29) actually defines the same vacuum that appears in (8.21).
After all, the vacuum is only determined up to rescaling, so a priori the choice (B.29) could
differ by a function of (,%) from the one that should appear in (B.21]). We will verify that
(B-29) is the correct choice by showing that

ol (', y1) = (U] exp(yrp!) exp (£'T}) | (3.23)

obeys exactly the holomorphic anomaly equations (2.69), (R.70) (which would certainly
be spoiled if one multiplied ¥y, by some non-constant function of (¢,%).) Indeed, taking
(B-23) as the definition of Wy, the holomorphic anomaly equations follow directly from
facts about the Schrédinger-Weil representation of é, as we now show.
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It is convenient to begin by reversing the order of the operators that appear in (B.23).
Using [p7, T;] = 6!p° and [p°, T;] = 0, (B.23) becomes

Vol (t', yr) = (V| exp (t'T;) exp (yipi + (yo + tiyi)p°> )o. (3.24)
So setting w = yo + t'y;,
ot yi, w) = (V]exp (£'T;) exp (yz'pi + wp0> 12)o. (3.25)

Note that this shift from yo to w is exactly the one made in (R.79), which converted the

anomaly equations (2.69), (R.70) to their shifted variants (2.74), (B.75). We will now verify
that (B.29) satisfies (P.74), (.75), which we reproduce for convenience:

o i 0? 0

9 oty L W =0, 2

ot 2C”k(9yj8yk+y(9w} hot = 0 (3:26)
0
—_\II — U. .2
Vo = 0 (3.27)

The second anomaly equation () just says Wye is holomorphic in t%; this is manifest
from (B.23), since Gc acts holomorphically. To establish the first anomaly equation B.246)
we use the operator equation (B:20) which holds in the Schrodinger-Weil representation.
Inserting this operator into the right side of (B.24) gives

, 1 o~ o~ ~
(U]exp (H'Ty) (ZTz + 5 Cigrpp _pOQi> exp (yjpj + wpo) Q)0 = 0. (3.28)

The ¢; operator annihilates [2),; commuting it through exp ylg/o\l gives a commutator
(@, yip'] = —yiZ. Also, recall that Z acts as the scalar ih = i. Altogether (B.2§) becomes

. . 1 ~ S ~ -~
(| exp (PT5) <1T¢ + §Cijkpjpk + lpoyz> exp <yjp] + wpo) 1©2)o =0, (3.29)
which is simply
0 1 02 0
i— 4+ —Ciip=——— +1iyi— | Ypot = 0. 3.30
|:1 ot + 2 ijk 8yjayk +1y; 8w:| hol ( )

This is our desired anomaly equation (.24).

3.6 Geometry of the matrix elements

In the last section we realized Wy, as a matrix element for the group é, or more precisely
its complexification é@. We now make a few extra comments about this construction, to
elucidate its geometric nature. In particular, we will explain how the metaplectic correction
we discussed in section R.J arises here as a “zero point energy” of the vacuum 1€2),. We
will also see that the wave function is naturally considered as a section of a prequantum
line bundle, as usual in geometric quantization.

We begin by noting that our construction (B.29) has the general form

\I]hol(t’y) = <\Il|gt,y|Q>0 (331)
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where g;,, is an element in é@ depending holomorphically on (¢,y). It is natural then to
consider ¥y, simply as a function on Gg,

Yhot(9) = (¥|g|2)o. (3.32)

One might think that this function contains more information than did Wy (¢,y), since
the number of variables in g is more than in (¢,y). However, ¥y, (g) obeys some extra
constraints, arising from the fact that |Q), is an eigenvector for some of the generators of
Ge. First, |Q), is annihilated by g7, S?, and D;; letting P denote the complex group they
generate, this implies immediately that

W01 (9p) = Uroi(g), p € P. (3.33)

Hence W}, can be considered as a function on é@ / P. This agrees well with the interpreta-
tion of Wy, as a “conformal wave function.” Moreover, under the dilatation generator D,
|2), has eigenvalue 3 (n, + 3), and under the central generator Z of H, |Q), has eigenvalue
ih = i. This implies that

Uhot (gexp(AD + (Z)p) = exp (%(nv +3)A+ 1C> Ua(g), AeC,C(eC,pe P. (3.34)

Thus one can also divide out by the larger complex group @ generated by ﬁ, D and Z,
at the cost that we now describe Wy.(g) as a holomorphic section of a holomorphic line
bundle over éc / QV, rather than as an honest function. This line bundle is constructed in
a tautological way: the state |Q2), transforms in a 1-dimensional representation of @; call
this representation p, and then define

V= {(9, z) € Ge x C} / [(g, 2) ~ (99, p(q)2) 1 q € Q| . (3.35)

Any Uy, satisfying (B.34) gives a section of V. So our construction has naturally led to a
section Wy, of the line bundle V over GC / Q

What is the meaning of this quotient of complex groups? Recall from section B.2
that in defining the moduli space M we first considered a larger space M p which was a
homogeneous space for G¢, and then obtained M as an open G-orbit inside Mp. Here
we have done somethlng precisely analogous, now for the extended group G instead of G
lettmg M p denote GC / Q, we can construct M as an open orbit for the real group G. This
M is the exact counterpart of the M which appeared in section P.2: it is a vector bundle
over M = G/K, with phase-space fibers generated by the action of H. It is equipped with
a natural complex structure inherited from M D, which varies along the fibers, and also
inherits the holomorphic line bundle V, of which Wy, is a section. It can also be written
as a quotient M=G / K , where K is the group generated by K C G and the Heisenberg
center Z (so K is non-compact).

How should we interpret the fact that Wy, comes out as a section of the holomorphic
line bundle V7 In fact, this is exactly what one expects from the point of view of geometric
quantization: the wave functions are sections of the “prequantum line bundle” over the
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phase space. The fact that the central generator Z of the Heisenberg algebra acts nontriv-
ially means that the restriction of Wy (t,y) to any fixed ¢ € M is naturally a section of
a line bundle over the phase space. Of course, since the phase space here is just a linear
space, one can suppress the issue by trivializing the line bundle, which is what was done
in section f]. Nevertheless, it is gratifying to see the line bundle coming out naturally here.

Similarly, the fact that the dilatation generator D € g acts nontrivially means that
even after fixing y = 0, Wy (t) is still a section of a homogeneous line bundle over M,
characterized by the D-eigenvalue %(nv + 3). This line bundle is exactly the bundle K2
related to the metaplectic correction to geometric quantization, which we discussed in
section P.d. To see this, it suffices to note that a holomorphic top-form on V is an element
of A*P(V}), and V7 has n, basis elements with weight 1 and one basis element with weight
3 under Ad(g(t))D, so their wedge product has total weight n, + 3.

To sum up: We have seen that starting from a state |¥) in the Schrodinger-Weil repre-
sentation of G one can canonically construct a matrix element (¥|g|€2), which is naturally
considered as a section of a holomorphic line bundle V over a coset space G / K. This V is
the line bundle in which a wave function should live: it incorporates the prequantum line
bundle and the metaplectic correction. The formula (B:2J) can be understood as defining
a particular trivialization of V, in which the holomorphic anomaly equations of section 2.q
hold.

3.7 Modularity

It is natural to ask what happens if |¥) is invariant under some discrete group I' C G.
The line bundle V over G / K defined in the last section has an obvious action of G. So
we can define a quotient bundle over the double coset space F\é/ff , and the matrix
element (¥|g|€?) is then a holomorphic section of that quotient. This is the usual situation
for holomorphic modular forms: they can be understood as sections of holomorphic line
bundles over double coset spaces. The double coset space 1“\C~7Y /I? of interest here is a
vector bundle over I'\G/K = I'\M; each fiber is a copy of the linear phase space.

If we work with a specific coordinate system on G and trivialization of V, such as the
ones used in (B-23) to make contact with section ], then (¥|g|Q2) will be represented by a
holomorphic function, and the I'-invariance will imply some modular transformation law
for this function. Starting from (B:23), for example, one can derive the transformation
under v € I' by considering

ol (', y1) = (U]yexp(yrp’) exp (£'T;) |0 (3.36)

and then commuting ~ to the right. The result of this procedure is the same modular
transformation law we found in section P.§ for the topological string partition function. In
other words, the condition that the string theory is invariant under I' acting by biholo-
morphisms on the Calabi-Yau threefold is equivalent to the condition that the state |¥) is
invariant under I' acting in the Schrodinger-Weil representation.

One could go further and ask what happens if I' also includes a discrete subgroup of
H, for example, the subgroup generated by exp 27ip and exp 27ig. In this case the phase-
space fibers of F\é / K become tori, varying in a family over the moduli space. Formally
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then, our construction would lead to a theta function, a holomorphic section of V over
this family of tori. However, this cannot be quite right: V actually has no holomorphic
sections over the torus, because its curvature is not positive definite but rather has one
negative eigenvalue; this is a manifestation of the problem we mentioned at the end of
section P.31* From the general theory of geometric quantization one can guess what kind
of “theta function” one could hope for: it should be an element in the sheaf cohomology
H?' of V rather than H°. Such theta functions have not been discussed very much in the
literature, but see e.g. [@, . It would be interesting to understand the relation between
our formal construction (which seems to agree with the topological string) and this sheaf
cohomology. Of course, a priori there is no reason why the topological string should be
invariant under any subgroup of H; we discuss this further in section f.

3.8 Fourier-Jacobi coefficients and the minimal representation

To this point, there has been a perfect analogy between the topological amplitude on a
Hermitian symmetric tube domain and a Jacobi theta series: in either case, the function
satisfies a holomorphic heat equation (([.1) or (B.74)), and can be written as a matrix
element in the Schrodinger-Weil representation of a non-reductive group G=Gx H , as

U(g) = (¥lg[2)o. (3.37)

Moreover, in each case the heat equations obeyed by W(g) follow directly from operator
equations ([.7), (B.2d) which hold in the Schrédinger-Weil representation.

It is natural to ask whether this analogy can be pursued further. As discussed in
the introduction, the Schrodinger-Weil representation of SL(2,R) x H occurs inside the
metaplectic representation of a larger group Sp(4, R), the annihilator of which contains the
operator equation (D) Can one similarly obtain the Schrodinger-Weil representation of
G and the operator equation (B.20) from a representation of a larger reductive group G'?

There is a natural candidate for this G’ which is well motivated from physics: upon
reducing N' = 2,d = 4 supergravity on a circle to three dimensions, the vector multiplet
moduli space M is enlarged to a quaternionic-Kéhler space known as the “c-map” of M.
When M is a Hermitian symmetric tube domain G/K of complex dimension n,, its c-map
is a quaternionic-Kéhler symmetric space G'/(G° x SU(2)), of real dimension 4n,+4. Here
G° is a compact real form of G. We tabulate the groups in question in Table fj.

Just as G was the “conformal group” associated to a Jordan algebra .J, the group G’
can be described as the “quasi-conformal group” associated to the same J [, P§]. The
reason for this terminology is that G’ can be characterized as the invariance group of the
“quartic light-cone” in V¢,

L' —p'qr —aqr) + 2k —k+p'ar — p'ar)? =0, (3.38)

4 One might ask where exactly we went wrong. Presumably the issue is that in constructing Uy by
the expression () we are trying to analytically continue the matrix elements of the Schrédinger-Weil
representation beyond their actual domain of analyticity. A symptom of this is that the states [€2), which
we use are badly non-normalizable.
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¢ | K | ¢ | K’ [ |

SSUO((12’,12L;< U1) x U(1) x SO(n) | SO(n + 2,4) Sz(s%fn%m n+1
SL(2,R) UQ) o) SU@2) x SU@2) | 1
Sp(6.R) U(1) x SUG) Fyn SU2) < Sp(6) | 6
SU(3.3) | UQ) x SUB) x SUB) | Eg SU(2) x SU®©6) |9
SO*(12) U(1) x SU(6) Fr_s | SU(2) x SO(12) | 15
Fr(_os) U(1) x Ee F(_o) SU(2) x By 27

Table 3: Isometry groups G’ of the moduli spaces occurring upon dimensional reduction from 4
to 3 dimensions, with their maximal compact subgroups K’, and the corresponding G, K from 4
dimensions. All groups are given only up to finite covering or finite quotient.

3 -2 1 0 1 2 3
2 7
i i ipt i)
0 St D}, D, A T,
1| QO Qi iP iP
—2 A

Table 4: A list of the generators of the Lie algebra g’, with two gradings, by D (horizontal) and
by A (vertical). This extends figure P, which was the analogous picture for g C g'.

more precisely, G’ is the group leaving the left side of (B.3§) invariant up to a multipli-
cation by a function of (p,qs, k) times a function of (p’,qr, k). The twistor space of the
quaternionic-Kéhler space G'/G° x SU(2) admits a Einstein-K&hler metric whose Kéahler
potential can be shown to be proportional to the logarithm of (B.3g), making the symmetry
under G’ manifest [54].

The Lie algebra g’ has a bigrading extending those of g and g, with a corresponding
picture extending Figure B, given in Figure [l Note in particular that Z is not a central
generator in g’: together with Z and A it generates an s[(2,R) subalgebra of g’. The group
G is then the centralizer of Z inside . This implies that if one begins with a representation
H' of G’ and then reduces H’ by fixing Z to some real value h,'® the resulting space Hp
will be a representation of G.

Having found the candidate G’, it remains to exhibit some H’ such that the corre-
sponding Hp, is the Schrodinger-Weil representation of G. Tt turns out that the desired H’
is an analogue of the metaplectic representation of Sp(4,R), known as the minimal repre-
sentation of G’. These representations have been studied extensively in the mathematics
literature, e.g. [5J-bJ], and also by physicists, e.g. [2G-R8, b3~ Bd]. The action of the
generators of g’ on functions in n, + 2 variables has been given explicitly in [2§, b7, B9] for
simple groups in their quaternionic real form, which is the case presently relevant for us;
however, the polarization chosen there was not the same as the real polarization we used

15To be precise, one defines Hy as a “space of coinvariants,” Hp = H/{Z — ihb : ¢ € H}.
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in describing the Schrédinger-Weil representation above, making a direct comparison diffi-
cult. Now we sketch a realization of the minimal representation which makes the relation
more transparent. The representation space H' consists of functions f(p,y) in n, +2 vari-
ables. The generators of g C g’ are just rescaled versions of those in the Schrodinger-Weil

representation:
Z — iy?, (3.39)
e~ 0 PN 0 L g -0 .0

Wyyo Gyg s Wi ey (3.40)

, i 82 3 i A 0
St ——Cik T, —Cyinp’p* — p == 3.41

0 .0 1 0 0

R §ip0— — —Cj O —pF 3.42
TP az+ Yot o (3.42)

In particular, fixing y = 1 we clearly recover the Schrodinger-Weil representation of G
with A = 1; more generally one could fix y to any value, giving the Schrodinger-Weil
representation with # = y2. The other generators of g’ can also be described explicitly.
The generator A € g’ simply counts the degree in y,

o 1
A — 4 3.43
Y5, T (3.43)
To obtain the rest of g’ it is enough to give the action of Z, since 16/2\1 = [Z,l(j}] and
iP; = [Z,ipy]; this action can be given in terms of the quartic invariant,
~ 16 1
Z = 5 (1 ), 3.44
=202 T 1P LG + (3.44)

where k depends on the choice of ordering one makes in Iy.

Since we have seen that the topological string state |¥) lives in the Schrodinger-Weil
representation Hp—1 of C~¥, the existence of this extension of the Schrédinger-Weil represen-
tation suggests that there could also exist a one-parameter generalization of the topological
string. We will speculate on its physical meaning in the next section.

So far we have been discussing the representation theory of the real groups G and
G’ without regard to their integral subgroups. But this discussion has an automorphic
counterpart, which in our language amounts to studying not just the relation between
Hilbert spaces Hp and H’, but also some special states which are invariant under discrete
subgroups. Such states give rise to automorphic forms for the corresponding groups. The
correspondence is easily described in the case of G' = Sp(4,R): given a holomorphic
Siegel modular form O(7, p, z) for Sp(4,R) one can obtain holomorphic Jacobi forms for
SL(2,R) x H by Fourier expanding © in one of its three complex variables,

O(t, p, z Z O (t, )€™, (3.45)
Each 60,,(t, z) is then a Jacobi form of index m. Now how about our case, where Sp(4,R)

is replaced by G’? The minimal representation of G’ is in some cases known to be auto-
morphic, so there is a natural candidate automorphic form O, see e.g. [Bl, {0, [1]. The
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automorphic extension of our discussion above would involve expanding © in el” to obtain
Jacobi forms associated to the Schrodinger-Weil representation of G. As far as we know
such an expansion is not in the mathematics literature, although some of the necessary
ingredients have been studied in [fJ], which also discusses similar expansions for other
“small” representations of G'.

4. Discussion

In this paper, we have shown that the holomorphic anomaly equations for the topological
string amplitude can be rephrased as a heat equation for a purely holomorphic section,
o i 0*

0 )
Eri §Cz‘jkm +Yim—| Ynol(t;w,y") = 0. (4.1)

ow

Moreover, in the case where the moduli space M is a Hermitian symmetric tube domain
G/K, we have shown that the general solution can be written as a matrix element

Uhai(t; y) = (¥ exp(ylg;l) exp (t’Tl) |2) (4.2)

in the Schrodinger-Weil representation of a non-reductive group G = G x H. The holo-
morphic anomaly equation (f.I) then follows from identities in the annihilator of the
Schrodinger-Weil representation, which moreover can be derived by embedding in the min-
imal representation of a larger reductive group G'.

We close with a few comments and speculations.

An extended topological amplitude. The realization of the holomorphic anomaly
equation inside the Schrodinger-Weil representation of G is not surprising in light of the
wave function interpretation. In our opinion, though, its natural embedding into G’ lends
credence to the idea that there should exist a one-parameter generalization of the usual
topological string amplitude, attached to the minimal representation of G’. The extra
parameter is h, the eigenvalue of Z, which was fixed to & = 1 in the Schrodinger-Weil
representation we used.

Now, what could the meaning of the extra parameter & be? Here we present two
speculations, both relying on the fact that the group G’ can be interpreted physically as
the isometry group after compactification on a circle to three dimensions. First, note that
by T-duality along the circle (exchanging ITA and IIB) followed by decompactification to
4 dimensions, G’ can be realized as the isometry group of a hypermultiplet moduli space
in 4 dimensions. It is thus natural to conjecture that the “generalized topological string
amplitude” should compute the infinite series of higher-derivative corrections Fg on this
hypermultiplet moduli space. The extra parameter A would then be related to the presence
of the “universal hypermultiplet” containing the physical string coupling, controlling the
strength of the spacetime instanton corrections. To make this proposal sharper it would be
useful to have an off-shell superspace description of the hypermultiplet derivative couplings,
perhaps along the lines of [[J].

For the other speculation we need to discuss how the Heisenberg generators in G
are realized in G’. They occur as shift symmetries for new scalars that come from the
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dimensional reduction from 4 to 3 dimensions: in particular, the central generator Z acts
by shifting the scalar which arises from dualization of the d = 3 gauge field g,;. This
scalar can be thought of as a dual potential for the Taub-NUT charge, in which case
fixing Z is equivalent to fixing the NUT charge of the 4-dimensional spacetime. As was
exploited in [[[7q, [4], T-dualizing the space with % units of NUT charge leads to i NS5-brane
instantons wrapped on X [[{3]. In particular, suppose we start with the ITA theory; then we
wind up with & NS5-brane instantons of Type IIB. In [[4, /@] the & = 1 case of this duality
was used to argue that the partition function of the single NS5-brane instanton captures
the A model partition function on X; this gave a physical interpretation to the results
of [f- 9], which argued that the A model partition function can be computed using the
maximally supersymmetric U(1) gauge theory on X, mathematically interpreted as the
U(1) “Donaldson-Thomas” theory [B0]. This suggests that our “generalized topological
amplitude” should include not only the U(1) gauge theory but also the higher U (%) theories
for all h; their partition functions should be organized into a single vector in the minimal
representation of G’.

While these two proposals are both speculative, at least they may be consistent with
one another: it is expected that the hypermultiplet moduli space should be corrected by
NS5-brane instantons, so to say that the generalized amplitude computes corrections to the
hypermultiplet moduli space is not unrelated to saying it computes the partition function
of NS5-brane instantons. Moreover, they are broadly consistent with the OSV conjecture,
since the instantons correcting the three-dimensional vector-multiplet moduli space are
four-dimensional black holes running along the thermal circle, T-dual to the NS5-brane
instantons. We are hopeful that a proper understanding of the meaning of the extended
topological amplitude will lead to an exact form of the OSV conjecture, valid at finite
values of the charges, along the lines of the ideas in [B1], [[].

Quantizing the intermediate Jacobian. One of the main themes of this paper has
been the analogy between the topological string partition function Wy and the Jacobi theta
series (7, z). There is one crucial property of (7, z) which we have mostly overlooked: it
transforms simply under shifts z — 2+ 1, z — z+ 7. Geometrically, these transformations
reflect the fact that 6 arises not from quantization of the linear space H!(T?,R) but from
quantization of the Jacobian torus, H'(T?,R)/H'(T? 7). Equivalently, one can continue
to think in terms of the linear space, but require invariance under the integer form of the
Heisenberg group. This is a very strong constraint on the state, determining it up to at
most a finite-dimensional ambiguity.

From the point of view of the worldsheet of the topological string theory, there is no
obvious reason why the topological string state should have such an invariance. On the
other hand, if one takes seriously the embedding G C G’ we advocated above, one finds that
the phase space variables in the topological string get a physical interpretation: they are
the Wilson lines of the n, 41 gauge fields around the d = 4 — d = 3 compactification circle.
As such, they are naturally circle-valued, and one might expect that any partition function
which depends on them will have to be periodic in an appropriate sense. One would then be
led to consider quantization of the intermediate Jacobian J = H?*(X,R)/H?3(X,Z), with
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the corresponding theta functions as candidates for the full topological string partition
function.'6

One might well be skeptical of whether such a simple and universal object could re-
ally capture all the complexity of the topological string theory on Calabi-Yau threefolds.
Moreover, even if the topological string state indeed turned out to be invariant under shifts
by H3(X,Z), there would still be the problem of extracting the perturbative expansion.
This is not as trivial as it sounds: as we discussed in section B.7, in the complex structure
we are using, the geometric description of such a theta function would be as a class in
sheaf cohomology H' rather than as a function. Said differently, the series defining such
a theta function is badly divergent. Still, the case of a Calabi-Yau one-fold gives some
ground for optimism: the partition function which counts covering maps to the torus can
indeed be expressed in terms of a “generalized Jacobi form,” defined by a formal product
which definite modular properties [B3, B4]; in particular, the SL(2,Z) transformation of
the variables seems to have a natural interpretation in terms of quantization of a phase

space in the 4-dimensional representation of SL(2,R).

Extensions to A/ = 4 and N = 8. In this paper we have been concerned only with
the case of N' = 2 supersymmetry. Given our focus on cases where the moduli space is
a symmetric space, it might have seemed more natural to consider the N' = 4, N’ = 6
and N/ = 8 theories first, since in those cases the moduli space is always a symmetric
space, which we again write as G'/K’ in d = 3. Then one can construct the minimal
representation of G'; its matrix elements are very special functions on G, obeying a large
number of differential equations, which could be easily written down much as we did above
in the A/ = 2 case. It is natural to wonder whether these equations arise somewhere in
physics.

There is an important difference between the N/ = 2 supergravities defined by cubic
Jordan algebras, which we considered above, and the A/ = 8 theory or the N/ = 4 theories
coupled to vector multiplets. Namely, in general the groups G occurring in the latter cases
in d = 4 do not have holomorphic discrete series representations. Roughly this means
one should not expect to construct holomorphic “wave functions” from the representations
of G. So the analogues of the anomaly equations which appear must have a somewhat
subtler interpretation. One notable exception is the N/ = 4 supergravity coupled to 2 vector
multiplets, where the moduli space in d = 4 is (SL(2,R)xS0(2,6))/(U(1)xU(1) x SO(6)).
The existence of holomorphic discrete series in this case may be related to the fact that
this theory can be obtained by consistent truncation from the A/ = 6 theory, for which the
corresponding group SO*(12) does admit holomorphic discrete series representations.

In the case of Type II string theory compactified on K3 one might ask whether the
differential equations one obtains are related to the holomorphic anomaly of the NV = 4
topological string on K3 [B5, B]. To obtain such a relation one would presumably have

16This intermediate Jacobian has appeared in [@]7 where it was argued that, if one wraps an M-theory
fivebrane on X, the dependence of its partition function on a flat background C field is given by a theta
function similar to those we are discussing. A similar argument was made in [ﬂ] for the “classical part” of
the partition function of a stack of NS fivebranes in Type ITA.
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to decompactify from d = 3 to d = 6, which should correspond to fixing 3 generators of
G’ (analogous to the N' = 2 case where we decompactified from d = 3 to d = 4 and fixed
the single generator Z.) The centralizer of these generators in G’ = 0(24,8) should be
some nilpotent extension G = 0(20,4) x N, where 0(20,4) arises as the isometry group
of the moduli space in d = 6. Then the natural conjecture, analogous to what we found
in the N' = 2 case, is that the anomaly equations of the N' = 4 topological string can be
interpreted as statements about some representation of this G.

One can similarly ask whether any meaning can be attached to the differential equa-
tions which arise in the ' = 8 case from the minimal representation of Egg).
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A. Holomorphic ambiguities and real polarization

In this appendix, we discuss the relation between the “holomorphic ambiguities” found by
BCOV in their procedure for solving the holomorphic anomaly equations recursively and
the real polarized topological amplitude defined in ([A.9).

In [B, section 6.2], BCOV introduce a variant of (2.9),

@Bcov(ti,fj;ii,w;j\) = A3 exp [W <ti,tj§ 1 - ,%H : (A.1)
— @ -

Here A and ¢ are redundant variables: ¢ describes variations of the inverse topological
coupling A~1, while X only serves to organize the perturbative series. Then the first anomaly

equation (R.1() becomes

9 _>\2 2K (v gd3 gkk 0 =i 9 A2
Moreover, BCOV observe that the “conjugate” equation
5‘ 2K ~ ij kk ~7 9
Op = —76 CE}E JJ 9ok g;ij% (A.3)
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is solved by

- _ - 1 o , 1 det A
Uy (¢, t; N\, &, ) = exp [_ﬁ (Aijj-lj-f + 27,20 + Awqﬁ) + 3 log <§—2>] (A.4)

where the “inverse propagator” A is defined to obey the equations

Ao A _ —28 —gi —28 —g0-8
A = P Ty AL = ‘ ] = = - P A5
(Aicp Az]) ) (_Sz _SZ]) (_gz]ajs _gU&j(g]kakS)> ) ( )

and S is a local section of £~2 whose third derivative reproduces the tree-level three-point
function,

Cﬁfc = B_QKDEDED];S. (A.6)
Note that this does not define S unambiguously. Using (A.2), (A.J) BCOV conclude that
the integral

Z(ta t-) - /dfdﬁp @BCOV(L _; j.7 5‘7 SO) \IIY(t7 t_7 i.7 5‘7 80) (A7)

is in fact independent of ¢, and identify it as the generating function of the “holomorphic
ambiguities” which arise at each genus upon integrating the first anomaly equation.

Now let us relate this construction to the intertwiner from Verlinde’s Wy to the real
polarized Wg. The first thing to notice is that Eq. (A.9) is identical to (B-17) after shifting
o — ¢+ 1in (A]), setting A =1 and identifying ¢ = —A\~!. Next, we invert the formula
(2.57) which gave the Bogoliubov transformation from ¥ to Wy, obtaining

Up(p!) = / da’ dz’ \/det[Im 7] e~ 2= Imrle” gr (pF xT X1 30) Wy (X7, X5 27). (A8)

I

The integral over Z' is easily evaluated (at least formally), leading to

i 1
\IJR(pI) = [ da! v det[Im 7] exp §pI?IJpJ — pI[ImT]IJmJ + ZxI[ImT]UxJ

x Uy (X1 X1 2],

(A.9)

Setting p! = 0 in this expression, and replacing the large phase space variables ! in terms
of (2%, ) in the exponent, we find

Ur(p!) = /d)\_ldxi Uy(XT, X1 2, \) /det[Im 7]

1 ' ‘ |
exp |:Z ()\*2X1[Im T][JXJ + 2)\716—K/2xzfi1[1m T][JXJ + efozfiI[Im T][Jf]JCC]>:| ‘

(A.10)
This coincides with ([A.4) if we identify
Ay = =2¢ 5 f[tm 7] f7, (A.11)
Ai‘ﬂ = 2€7K/2fil[lm T]]JXJ7 (Al?)
Ay, = —2X"Im 7], X7, (A.13)
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where we introduced the standard special geometry notation fZI = eK2D, X1
Inverting the matrix A with these entries, we obtain

S = 2K X Im 7)1, X7, (A.14)
S; = 2e3572 fliim ), X7, (A.15)
S = 2eKjT{[Im T][ij»]. (A.16)

Then using the special geometry identities

i

XN oM7) X = f1(0;[Im7]r) X7 =0, fl(0;m7])f = _567Kcijka (A.17)

we check that S given by ([A.14) indeed satisfies ([A.6), and moreover that S; = D;S, S;; =
D;D;S as required in (A.5).

We conclude that, for the S given in ([A.14), Z(t) is proportional to the wave function
in the real polarization at p! = 0, namely

Z(t) = 10w (0) (A.18)

where the exponential factor arises from the redefinition (P.14). We emphasize that (A.1§)
holds only for the S given in ([A.14), which need not be globally well defined; for the choice
of S made in [ff], Z(¢) in fact contains the infinite series of holomorphic ambiguities.

B. Wave function in the positive-definite polarization

With a little more work, we can also determine the intertwiner Wy from the real polariza-
tion to a positive definite (“Weil”) polarization given by the Hodge %: as discussed below
(2:30), this ¥ should be obtained from the intertwiner Wy to the indefinite (“Griffiths”)
polarization by Fourier transforming from A~! to a new variable . So we begin from the
formula (P.60) for Wy, replace the large phase space variables 2! with the small phase space
ones (2%, ) using (P-37), and then formally Fourier transform

Uw(ph; X1, X128 ) = /d)\_l exp (A_llu) Ty (ph; X1, X128 \). (B.1)

We thus obtain W in terms of the negative-definite period matrix

[Im T][KXK [Im T]JLXL

=T 2i B.2
namely, we find
. det[Im 7] i S
Uy (ph; X1, X2t u) = exp | =p'Npgp” — 4ief p! Im N, X7
w(p 14) X, X7 p | 5P N p ImN] X p
—G_K/Qpl [ImM]JfJJ.%'j + 4€2KXI[IHIMIJXJM2 (B?))

1 o
—2ie""? fl N X2y — ZeiniI[ImN]IJfJJxeJ
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Here we used the special geometry properties

o1 o7 _ 1 e K
X I X' == B.4
[ Nz A XT[Im 7)1, X7 (B.4)
_ le 8 fllIm7]r; X7
I J i
I X == B.5
Jiltm Ny 2 XI[Im7]r, X7 (B.5)
(f/ MmN X5 (ff Im Ny X7)
fZI[Im-/\/’]IJfJJ = - XI[ImT][JJXJ - fiI[ImT]IJf]J (B6)
_ 1 _ pl[ImT][JXJ
T J K
I X' =—= —_— B.7
p [Im Ny, ¢ Ximr], X7 (B.7)
Defining new large phase space coordinates (for H%? @ H%3) by
_ 1 .
wl = 2i pXTeX + §x’DiXI, (B.8)

the intertwiner between the real and positive-definite polarizations takes the simple form

Uy (ph X1, X ') = (B.9)
det[Im 7]

VX m ], X7 exp | 5P Niyp” = 2p [Im N]pyw” —wi{Im Npyw

which is closely similar to (R.60).
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